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Recent experimental work has begun to characterize activity in local cortical
networks containing thousands of neurons. There has also been an explosion
of work on connectivity in networks of all types. It would seem natural then to
explore the influence of connectivity on dynamics at the local network level.
In this chapter, we will give an overview of this emerging area. After a brief
introduction, we will first review early neural network models and show how
they suggested attractor dynamics of spatial activity patterns, based on re-
current connectivity. Second, we will review physiological reports of repeating
spatial activity patterns that have been influenced by this initial concept of
attractors. Third, we will introduce tools from dynamical systems theory that
will allow us to precisely quantify neural network dynamics. Fourth, we will
apply these tools to simple network models where connectivity can be tuned.
We will conclude with a summary and a discussion of future prospects.

1 Introduction

The advent of fMRI and other imaging technology has spawned a deluge of re-
search examining how the brain functions at the macroscopic level. This work,
which treats each voxel as the basic unit of analysis, has yielded tremendous
insights as to how networks of cortical regions cooperate to produce motor
activity (Jantzen KJ et al., 2005; Rowe J et al., 2002), memory (Fletcher P
et al., 1999), cognition (Mechelli A et al., 2004; Stephan KE et al., 2003) and
emotion (Canli T et al., 2002). But within each voxel there lie perhaps tens of
thousands of neurons that are connected into local networks, performing ele-
mentary computations that are fundamental to the brain’s higher functions.
Relatively little experimental work has been done at this mesoscopic level,
despite the existence of a large literature on neural network theory and mod-
els. This chapter will focus on the relationship between network connectivity
and dynamics at this level, with the hope that the principles uncovered here
will be generally applicable to networks at larger scales as well. In addition,
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this chapter will emphasize local networks of cortical neurons, since this is
the area within the mesoscopic level where the most experimental work has
been done.

2 Attractors in Early Models of Local Neural Networks

The simplest neural network models only have projections from one layer
of neurons to the next, having what is called “feed-forward” architecture.
While these models can do many impressive things, they can not exhibit
dynamics in the true sense because their outputs are never fed back as inputs
to the network. Their activity changes from layer to layer, but their final
output is given only at one point in time. By contrast, in recurrent networks
projections from some or all of the neurons are connected back to the inputs of
the network through recurrent collaterals. Recurrent networks can therefore
generate activity in a given layer that changes over time with each loop of
processing, thus demonstrating dynamics. Since real brains are filled with
recurrent and not purely feed-forward connections, it seems that recurrent
networks are also much more realistic models of connectivity in living neural
networks. For these reasons, we will only consider recurrent networks in what
follows.

Much of the early work in recurrent network models was concerned with
memory storage and retrieval. These simplified models demonstrated how
groups of neurons could collectively store a spatial activity pattern embedded
in connection strengths. An example of such a model is shown in Fig.1. The
five pyramidal, excitatory neurons have all-to-all recurrent connections. When
three of the neurons are activated at the same time, synaptic connections be-
tween the active collaterals and active neurons are strengthened. This rule
for changing synaptic strengths is called the “Hebb rule” after Donald Hebb
who most famously proposed it (Hebb DO, 1949), and is often summarized
by the phrase “cells that fire together, wire together.” Once these synaptic
connections are strengthened by a Hebbian rule, the network has a distributed
memory trace of the original configuration of the three active cells. The idea
of synaptic strengths encoding memory is not new and can be traced back to
Cajal (Ramén Y Cajal S, 1909), but the dynamics of this simple model was
not appreciated until decades later. When a fragment of the original, stored
configuration of cells is presented to the network, the network will have a
tendency to use the fragment to reconstruct the original stored configuration.
Active cells will recruit other cells from the stored pattern through recurrent
collaterals and recently strengthened synaptic connections. The configuration
of the network at each time step will thus become progressively more similar to
the originally stored configuration. One way of describing this is to say that the
network is attracted to the stored configuration. If the network configurations
could be symbolized by binary strings and arrows could represent transitions
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over time, we would have [00100] — [10100] — [10110]. But note that several
other initial configurations could also lead to this final stored configuration.
For example: [10000] — [10010] — [10110], and [00010] — [00110] — [10110]
are also pathways. All of those configurations that eventually lead to the stored
configuration are said to be in the basin of attraction of the stored configura-
tion. The stored configuration [10110] is called an attractor in this network. In
larger models, it is possible to have many independent configurations stored
as attractors within the same network.

The model in Fig.1 is representative of a whole class of influential
models that employed recurrent connectivity and Hebbian learning to store
spatial patterns. A precursor of this class was proposed by Steinbuch
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Fig. 1. An attractor in a simplified recurrent network model. Network has five
pyramidal cells. Straight lines represent axon collaterals, here wired to have all-to-
all connectivity. A, Tabula rasa: a stimulus pattern activates three neurons, shown
in black. B, Learning: Hebbian plasticity strengthens connections between active
neurons and active axon collaterals, shown as triangular synaptic connections. C,
Cue: some time later, a fragment of the original stimulus activates the middle neuron.
D: Beginning recall: the active neuron now drives the newly strengthened synapses,
shown in black. E; Further recall: activity in these new synapses activates another
neuron from the stimulus pattern. F, Total recall: collective activity now drives the
third neuron from the original pattern. Over time, the state of the network became
more similar to the activity pattern seen in A. Note that any partial cue of the
original pattern could lead to re-activation of the original pattern. After learning,
the network configuration is said to be attracted to the state shown in A
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(Steinbuch K, 1961; Steinbuch K and H Frank, 1961) in his matrix memory
model, which used co-activation to imprint connections and to associatively
store information. Anderson’s autoassociator model (Anderson JA et al.,
1977), the Hopfield model (Hopfield JJ, 1982, 1984; Hopfield JJ and DW
Tank, 1986) and models analyzed by Cohen and Grossberg (Cohen MA and S
Grossberg, 1983) all used Hebbian learning and had all-to-all connectivity. An
emergent property of these models, stemming in part from their connectivity,
was that information could be stored in attractors, and that network activ-
ity would tend to settle into these attractors (Amit DJ, 1989). The models
of Hopfield and Grossberg are also noteworthy for other reasons (connecting
statistical physics to neural network theory; using time as an important vari-
able in network dynamics) that are beyond the scope of this chapter. For our
purposes, it is important to note that these models used recurrent connections
and proposed that spatial information could be stored in attractors. Versions
of this class of model were later elaborated by neuroscientists to explain how
the hippocampus might store and retrieve memories (Rolls ET, 1990; Skaggs
WE and BL McNaughton, 1992).

It is also worth noting that much work has been done on how even single
neurons with recurrent connections can store temporal information in spike
sequences (e.g., Foss, Longtin, Mensour and Milton, 1996; Foss and Milton,
2000). These sequences can be considered attractors, although they may not
necessarily store spatial patterns of activity across many neurons, as we have
been discussing. For further coverage of this interesting topic, the reader is
referred to Sue Ann Campbell’s chapter in this handbook.

The simple class of models which store spatial patterns of activity was
appealing to computational neuroscientists for several reasons. First, it seemed
biologically plausible. As stated before, recurrent collaterals are abundant in
the brain, and there is ample evidence that synapses can be strengthened
according to a Hebbian rule (Kelso SR et al., 1986; Kirkwood A and MF Bear,
1994). Second, the dynamics of the model seem to mimic the way memories
are subjectively recalled. Presenting a cue or fragment of information is often
enough to elicit more detailed information that was originally associated with
it. Just as viewing a fragment of a picture can often evoke a complete image
from memory, so also a few active neurons can cause the model to complete the
pattern that was originally stored (Hopfield JJ, 1982). Third, these models
allowed several patterns to be stored within the same network, a property
that clearly would be useful in real brains. Because of their plausibility and
impressive emergent properties, these simple network models caused many
researchers to expect that local circuits in mammalian cortex would store
memories in the form of attractors.
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3 Repeating Activity Patterns and the Influence
of Attractor Models

Is there any evidence for attractors, as described by the above model, in
physiological recordings? In order to evaluate this form of the attractor hy-
pothesis correctly, several experimental requirements need to be met. First,
since activity is hypothesized to be distributed among many neurons, multiple
recording sites are needed. Second, network activity must visit some configu-
rations more often than would be expected by chance. If all network activity
configurations were visited equally often, there would be no attractors. But
if some configurations are visited repeatedly and more often than would be
expected by chance, then there is at least a possibility that attractors exist
in the network. Third, when the network is in a configuration that is close to
one of its stored configurations, network activity should become progressively
more similar to the stored configuration over time. This indicates that the
network is being drawn into the attractor. Fourth, these repeatable config-
urations need to be stable over time if they are to serve as a substrate for
information storage.

Among the first recordings that fulfilled some of these requirements were
those from Abeles and colleagues, who observed temporally precise spike
sequences in primate cortex (Abeles M et al., 1993; Ben-Shaul Y et al.,
2004). They reported that spike triplets, which they later called “synfire
chains,” reproducibly appeared while monkeys were engaging in particular
stages of cognitive tasks. In addition, these sequences occurred more often
than would be expected by chance, under the assumption that spike trains
can be modeled as a random Poisson process. Although some researchers
later questioned whether the synfire chains reported by Abeles and colleagues
were truly statistically significant (Baker SN and RN Lemon , 2000; Oram
MW et al., 1999), other groups gradually began to report repeating activity
patterns as well. Recordings from rat hippocampus showed that distributed
patterns of neurons became active as rats made their way through a maze
(Wilson MA and BL McNaughton, 1993). Whenever a rat revisited a portion
of the maze in the same way, a similar pattern of activity would appear
(Brown EN et al., 1998; Skaggs WE et al., 1996). These similarities were
statistically significant, and suggested that the activity configuration some-
how represented spatial or cue information. Interestingly, these patterns were
later found to significantly reappear during subsequent, but not previous,
sleep sessions (Lee AK and MA Wilson, 2002; Louie K and MA Wilson, 2001;
Nadasdy Z et al., 1999). This suggested that the activity patterns encoded
the previous day’s maze running session and were being consolidated during
sleep (Wilson MA, 2002), a hypothesis that is still somewhat disputed. Less
controversially, these data indicated that the reproducible activity patterns
had long-term stability and could serve as a substrate for information stor-
age (Lee AK and MA Wilson, 2004). Reproducible activity patterns were also
found in the cortex-like structure HVC (high vocal center) of song birds during
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song learning and production (Hahnloser RH et al., 2002). The temporal pre-
cision of these activity patterns like this was astoundingly high, being 1 mil-
lisecond or less (Chi Z and D Margoliash, 2001). Activity patterns observed in
song birds also had long-term stability and replayed during sleep (Dave AS and
D Margoliash, 2000; Deregnaucourt S et al., 2005), indicating that they too
could serve to store information. Reproducible activity patterns have now been
found in a variety of in vivo systems ranging from visual cortex (Kenet T et al.,
2003), and the olfactory bulb (Spors H and A Grinvald, 2002) to the brain
stem (Lindsey BG et al., 1997). Collectively, these data demonstrate that dis-
tributed, reproducible activity patterns with long-term stability exist in the
intact brain.

But did these patterns arise because many different brain areas were acting
together? It remained to be seen whether isolated portions of brain could sus-
tain reproducible activity patterns. Yuste and colleagues used calcium dyes
and a scanning two-photon microscope to image activity from hundreds of
sites in acute slices of mouse visual cortex (Cossart R et al., 2003; Mao BQ
et al., 2001). They reported that neurons became active in particular pat-
terns that reoccurred more often than would be expected by chance. Because
the microscope had to scan over so many neurons, it took about one second
before the scanning laser could return to a given neuron to image it again.
Thus, they were able to image activity over the cortical slice network at a
temporal resolution of about 1 second. This exciting work demonstrated that
neocortical tissue in isolation spontaneously produced repeatable activity pat-
terns, and raised the possibility that local circuit connectivity, to the extent
that it was preserved in the slice, was sufficient to support these patterns.
Further evidence that local networks were enough to generate attractor-like
patterns came from work with neural cultures grown on 60-channel multielec-
trode arrays. Using cultured slices prepared from rat cortex, Beggs and Plenz
(Beggs JM and D Plenz, 2004) showed that reproducible activity patterns had
a temporal precision of 4 milliseconds and were stable for as long as 10 hours
(Fig. 2). While these cultures were prepared from slices that preserved some
of the intrinsic cortical circuitry, they were grown for three weeks in isolation
from sensory inputs. Thus, the activity patterns that arose were very likely
to have been the result of self-organizing mechanisms (e.g., Hebbian rules,
homeostatic regulation of firing rate) present at the neuronal and synaptic
levels. As even further evidence that repeating activity patterns can result
from self-organization, Ben-Jacob and colleagues (Segev R et al., 2004) have
demonstrated that networks of dissociated cultures produce repeating activity
patterns. These cultures are prepared from suspensions of individual neurons
that are then poured over an electrode array and grown in an incubator for
several weeks. As a result, these preparations do not preserve intrinsic corti-
cal circuitry at all, even though they may match the proportions of excitatory
and inhibitory cells found in cortex. Collectively, this work indicates that long-
lasting, temporally precise, reproducible activity patterns can readily form in
isolated cortical tissue. The fact that even dissociated cultures can generate
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Fig. 2. Reproducible activity patterns from an isolated cortical network. A, On the
left is an organotypic culture from rat somatosensory cortex (containing ~50,000
neurons) pictured on a 60-channel multielectrode array at 2 days in vitro. Electrodes
are seen as small black dots at the end of straight lines. Electrode tips are 30 pm
in diameter and the inter-electrode distance is 200 pm. B, On the right is the local
field potential signal recorded from one electrode, low-pass filtered at 50 Hz. The
dashed line is a threshold set at —3 standard deviations. The sizes of the dots
represent the magnitudes of the suprathreshold field potentials. B, The raster plot
of activity from all electrodes is shown for one minute. Columns of dots indicate
nearly synchronous bursts activity on many electrodes. Activity bursts are separated
by quiescent intervals of several seconds. C, The period of suprathreshold activity
near 50 seconds is binned at 4 ms, showing that activity is not actually synchronous
at higher temporal resolution. Activity here spans three bins and is preceded and
terminated by bins with no activity. D, The activity shown in B is presented as a
spatio-temporal pattern on the multielectrode array grid. In this case, a pattern of
three frames is shown. E; Six cases of spatio-temporal activity patterns are shown
that were significantly repeating in a one hour period. Here active electrodes are
shown as darkened squares on the electrode grid, where darker squares indicate
larger amplitude signals and lighter squares indicate smaller amplitudes. Next to
each pair of patterns is the time, in minutes, between observations of the patterns.
Since the cultures were grown in isolation from sensory inputs, these results indicate
that reproducible activity patterns can be generated by cortical circuits through self-
organizing mechanisms. Figures adapted from Beggs and Plenz, 2003, 2004
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these patterns suggests that Hebbian rules and recurrent connectivity may be
sufficient conditions for stable activity patterns.

So far, these findings seem consistent with the simple attractor neural net-
work model described previously. But does activity in these networks show
evidence of becoming progressively more like a stored pattern? Is the network
configuration being drawn in to an attractor? Interestingly, very few labora-
tories sought to examine the dynamics of activity patterns in these systems.
Because of this, the attractor hypothesis in its fullest form was not truly
evaluated by the work described above.

Recently, Wills and colleagues (Wills TJ et al., 2005) have made progress
on this issue with an ingenious set of experiments performed in awake, behav-
ing rats. They implanted multiple electrodes in the hippocampus and then
placed rats in an arena with a base that could be progressively morphed from
a circle to a square. Consistent with previous studies, they found that a partic-
ular activity pattern of firing in hippocampal neurons occurred when the rat
was in the circular arena, and that this pattern was different from the pattern
that occurred when the rat was placed in the square arena. After testing that
these representations were stable, they then changed the shape of the arena
to be like that of a square with rounded edges, intermediate between a circle
and a square. When the rat was placed in this new hybrid arena, the activity
pattern that initially appeared on the electrodes was not like that seen from
the circular or the square arena. Over two minutes, though, the activity pat-
tern progressively became more like either that seen from the circular arena
or that seen from the square arena. This is exactly what would be expected
if the network state were being drawn into an attractor. They also showed
that slight morphs away from the circular shape usually resulted in network
activity becoming like the pattern seen from the purely circular arena; similar
effects were shown for slight morphs away from the square shape. These data
were consistent with the basin of attraction seen in the simple network model
presented earlier.

Although the results of this impressive experiment qualitatively agreed
with all of the major features of the attractor network model, several areas
still remained to be explored. It was not clear if the dynamics seen in this
system was caused by the circuitry within the hippocampus or by the coop-
erative action of other brain areas that projected to the hippocampus. With
convergence to an attractor state taking about two minutes, it seemed likely
that other brain areas were involved. It would also be desirable to go beyond
a qualitative description and to quantify the dynamics more precisely.

4 Tools for Quantifying Local Network Dynamics

How can the dynamics of neural networks be quantified? Fortunately methods
from dynamical systems theory have been developed and these have success-
fully been applied to electronic circuits (Huberman BA et al., 1980), driven
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pendulums (Baker GL and JP Gollub , 1996), chemical reactions (Kilgore MH
et al., 1981) and a host of other phenomena (Crutchfield JP et al., 1986;
Nicolis G and I Prigogine, 1989). With some changes, these methods can also
be used to describe both simulated and living neural networks. In this sec-
tion, we will briefly describe some of these tools and note how they could
be used to sharpen the description of network dynamics that was qualita-
tively outlined in the previous section. For a more detailed treatment of this
topic, the reader is referred to the chapter by Jirsa and Breakspear in this
handbook.

We will assume that we wish to describe the dynamics of a network com-
posed of m neurons. Let z; represent a variable of interest, for example, the
voltage, of neuron i. The configuration of activity in the network at time ¢
can then specify a location X? in m-dimensional state space:

Xt = (ot 2b, 2k, al)
In these coordinates, we can plot network activity at times ¢ + 1, ¢ + 2,
t+3...t+n and we can construct a trajectory (also called an orbit) by linking
these locations in state space (also called phase space) as shown in Fig. 3.

Describing the dynamics of the network amounts to describing how tra-
jectories evolve over time. Recall that in the attractor network model, the
network state will evolve toward a stored configuration. Trajectories starting
within the same basin of attraction will therefore tend to flow toward each
other over time, minimizing the distance between them. So to explore the at-
tractor network hypothesis, we will need to quantify distances in state space.

t+2

o t+1

X

Fig. 3. A trajectory in state space. Three axes, x1, x2, and z3 are shown, which
could represent the states of three neurons. By plotting the values of the network
state variables (z1, @2, x3) at times ¢, t + 1, and t + 2, a succession of positions can
be linked to form a trajectory through state space. The trajectory is shown here as
a bent arrow
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Distances between points X* and Y* can be measured by some metric, like
the Euclidean distance:

drye = (0 — 24" + (95 — 25)° o (u — 28)” + .- (uh, — 28,)"
Other metrics are also suitable. For example, the Hamming distance, which
is just the number of digits that are different between two binary numbers
(e.g., [1 0 1] and [0 0 1] have a Hamming distance of 1), could be used for
a network with only binary neurons. The rate of growth in distance between
two initially close trajectories can be quantified by the Lyapunov exponent A
(Wolf A et al., 1985), which is related to the distance between trajectories at
two points in time. This is illustrated in Fig. 4, where trajectories begin
from two points that are close together in state space. The distance between
these two starting points is measured as dgqr¢. The network is allowed to
evolve over time from each point, causing two trajectories to be traced out in
state space. After a time T', the distance between two points on the trajectories
is measured as dfin;sp. The Lyapunov exponent in bits/sec is then given by:

1 dfinish
A==1 — .
T Og2 < dstart )

In practice it is good to keep T small so that A will closely approximate
the instantaneous divergence between the trajectories. By manipulating this
equation, we can more clearly see how A describes the exponential rate at
which two trajectories separate in state space after T' time steps:

)\T ~
dstart -2 = dfinish~

A B

X X

Fig. 4. The Lyapunov exponent quantifies dynamics. A, Converging trajectories.
Two trajectories in state space, shown as curved lines with arrowheads, are sepa-
rated by a distance dstqrt at time t. At time ¢ + T, they are separated by a dis-
tance of dfinish. The ratio (dfinish/dstart) can be used to determine whether or
not the trajectories are flowing together over time. In this case, they become closer
over time, indicating attractive dynamics. B, Parallel trajectories. Here, the ratio
(dfinish/dstart) 18 one, indicating neutral dynamics. C, Diverging trajectories. Here
the ratio (dfinish/dstart) is greater than one, indicating chaotic dynamics
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The Lyapunov approach to quantifying discrete network dynamics has been
developed by Derrida and colleagues (Derrida B and Y Pomeau, 1986;
Derrida B and G Weisbuch, 1986), as well as by others (Bertschinger N and T
Natschlager, 2004). This method is especially useful when working with sim-
ulated networks, where it is easy to start a network from a particular point
in state space by just specifying the values of all the state variables. The
simulation can then be run for 7" time steps to produce a trajectory. It is also
easy to produce a trajectory from a nearby point in state space and to mea-
sure the resulting distances between trajectories. For living neural networks,
however, this approach is more difficult to implement, as it is presently impos-
sible to specify all the state variables at a given time. Electrical stimulation
can overcome this to some extent by causing a subset of neurons to all be
active at the same time; trajectories after stimulation can then be measured.
But background activity can not be completely controlled, and this has been
found to play a large role in determining network responses to stimulation
(Arieli A et al., 1996).

There are three general types of dynamics that can be identified with this
method. Attractive dynamics is characterized by A < 0, causing nearby tra-
jectories to become closer over time (Fig. 4A). Systems dominated by attrac-
tive dynamics are very stable, and have one or more basins of attraction. In
the attractor model that we previously described, these basins would lead to
attractor states that could represent configurations stored in long-term mem-
ory. However, these networks are so stable that it is difficult to control their
trajectories and steer them away from attractors. Perturbations to the net-
work are mostly ineffective at changing the state that it settles into. Neutral
dynamics is characterized by A = 0, causing nearby trajectories to preserve
distance over time (Fig. 4B). Here, perturbations to the network produce
commensurate changes in output. Systems with predominantly neutral dy-
namics are therefore marginally stable, meaning that trajectories will largely
persist in their given course under mild perturbations. With the appropriate
inputs, it is possible to control trajectories in networks with neutral dynam-
ics. Chaotic dynamics is characterized by A > 0 causing nearby trajectories to
become more separated over time (Fig. 4C). Small perturbations are amplified,
making these networks intrinsically unstable and difficult, but not impossible,
to control (Ding M et al., 1996; Ditto WL and K Showalter, 1997).

The Lyapunov exponent can be used to describe trajectories in all regions
of state space that are visited by the network. However, just because one
region of state space shows attractive dynamics does not necessarily mean
that all other regions will also. Figure 5 shows that state space can contain a
variety of features: fixed points, saddle points, and limit cycles. The trajecto-
ries passing through fixed points are all either leading into the point or leading
away from it. If they are leading into the point, then there is a stable fixed
point; if they are leading away from it, then there is an unstable fixed point.
The attractor network model discussed previously uses stable fixed points to
encode long-term memories. Unstable fixed points are repulsive to trajectories
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Fig. 5. Example features of state space. A, A stable fixed point has only trajectories
leading into it. B, A saddle point has trajectories leading into it along one axis, but
leading out of it along another axis. C, D, Limit cycles are trajectories that are
closed on themselves

2
|

2N

and are rarely visited by the system. Saddle points are both attractive and
repulsive, depending on the direction from which they are approached. They
have trajectories that lead into them from one direction, and trajectories that
lead away from them in another direction. Trajectories will often move toward
a saddle point, only to be repulsed from it when they get too close. They then
may be drawn toward another saddle point and repulsed again, displaying
itinerant behavior as they visit different saddle points (Rabinovich M et al.,
2001). Limit cycles occur when the network continually oscillates in state
space, as represented by trajectories that form closed loops with themselves.

To fully characterize the dynamics, one would have to map the entire
state space of the system. This is in practice impossible, so most experiments
report only the dynamics seen in a small subset of the state space. Fortunately,
characterizing the dynamics in some reduced dimensional space is often good
enough to get an approximate picture of the dynamical system as a whole.
The process of knowing how to reduce dimensionality and which variables
may be omitted is beyond the scope of this chapter. The reader is referred
o (Abarbanel HD and MI Rabinovich, 2001; Abarbanel MDI, 1996; Kantz H
and T Schreiber, 2004; Strogatz SH, 1994) for more detailed discussions on
this topic.

5 How Connectivity Influences Local Network Dynamics

With the methods described above, we can now examine how network connec-
tivity influences dynamics. Since it is difficult to manipulate connectivity in
living neural networks, we will only discuss here results from computational
models. In what follows, we will introduce a simple model with tunable connec-
tivity. We will show that this model qualitatively captures the main features
of network activity observed in some experiments. We will then manipulate
the connectivity of the model to explore its effects on dynamics.
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Consider a network model with N neurons or processing units, each al-
lowed to be in only one of two states, either active (1) or inactive (0). To allow
for complete generality, let us connect each unit to every other unit (Fig. 6A).
We can later control the strengths of these connections, setting some of them
to zero, so as to sculpt the connectivity of the network. Units can become
active in one of two ways, either through spontaneous or driven activity. Each
unit will have some small probability, pspont, of being spontaneously active at
a given time step. A unit may also become active if it is driven by another
active unit that makes a connection with it. If a unit is not spontaneously
active or driven at a given time step, it will be inactive.

p in

pf pl

Fig. 6. Network model with tunable connectivity. A, Network initially has all-to-
all connectivity, but selected connection strengths can be set to zero. A network
with N = 8 units is shown. B, Each unit 7 has a set of transmission probabilities:
{pij, pik, ... pin} that determines connection strengths. C, The sum of the trans-
mission probabilities emanating from a given unit ¢ will determine the branching
parameter ¢ for that unit. D, The distribution of transmission probabilities can be
made sharp or flat by adjusting the exponent B. The normalization constant, A,
makes the probabilities sum to 6. As discussed in the text, tuning the branching
parameter G or the distribution exponent B can influence network dynamics
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Activity can propagate from unit ¢ to unit j through a connection that has
a transmission probability p;; that is constrained to be between zero and one
(Fig. 6B). Transmission is simple and works like this: If a unit ¢ is active, then
unit j will become active in the next time step if a randomly drawn number is
less than the transmission probability p;;. In other words, unit ¢ will transmit
to unit j with probability p;;. Unlike traditional integrate-and-fire neuron
models, these units do not sum all of the incoming activity and then fire if
this sum is over a threshold. They simply fire if one of the units connected
to them is active and if transmission between them is successful. Given this
arrangement, activity in the model typically originates spontaneously at one
or a few units and then propagates through connections to other units in the
network. While this model may seem too simplistic, it actually does a good
job of reproducing phenomena observed in the data, as will be explained more
below. If a parsimonious model can successfully capture the main features of
the data, then this suggests that network dynamics may be governed by a few
simple principles (Haldeman C and JM Beggs, 2005).

The connectivity may be tuned in one of two ways. First, the sum of the
transmission probabilities emanating from each unit may be scaled from 0
(where each p;; = 0) to N (where each p;; = 1). Let us define the branching
parameter, o, as this sum:

N
o= Zp”
j=1

The branching parameter will serve to scale all connection strengths (Fig. 6C).
Second, the distribution of transmission probabilities from each unit may be
controlled from sharp (where only one connection has a transmission probabil-
ity of 1 and all the other connections are 0) to homogeneous (where all connec-
tion strengths have equal transmission probabilities equal to 1/N)(Fig. 6D).
There are many different types of distributions that could be used here, but
for simplicity we will only consider distributions that are defined by an expo-
nential function:
pij = Ae B,

where A is a scaling constant that keeps the sum of the transmission probabil-
ities equal to 6, and B is the exponent that determines how sharp (B large)
or flat (B small) the distribution will be.

How well can a simple model like this capture features from actual data? In
experiments with organotypic cortical cultures, Beggs and Plenz (Beggs JM
and D Plenz, 2003) found that suprathreshold local field potential activity
(Fig. 2A) at one electrode was, on average, followed by activity in one other
electrode in the next time step. When the model is tuned to have a branching
parameter ¢ = 1.0, it reproduces this result faithfully. This should not be too
surprising, though, since it is well known that for a branching process, ¢ gives
the expected number of descendants from a single ancestor (Harris TE, 1989).
What is somewhat less expected is that the distribution of “avalanche” sizes
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produced by the model also closely matches the distribution from the data.
Here, the avalanche size is just the total number of electrodes activated in one
spatio-temporal pattern of activity. Representative patterns of activity are
shown in Fig. 2D and 7B, and consist of consecutively active frames that are
bracketed in time by inactive frames. When the probability of an avalanche
is plotted against its size, the result is a power law, as shown in Fig. 7A.
Power law distributions are often found in complex systems and can be used
to describe domain sizes in magnets during a phase transition (Stanley HE,
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Fig. 7. The model captures important features of the data. A, When the probability
of occurrence is plotted against avalanche size, a nearly straight line is formed in
a log-log graph. This line indicates that the relationship between probability and
size can be described by a power law: P(S) = S™% where P is the probability of
observing an avalanche of size S, and S is the total number of electrodes activated
in the avalanche. For a critical branching process, the exponent of the power law, a,
is predicted to be —3/2 (dashed line). Filled circles are from 5 hours of spontaneous
activity in an acute slice, while open circles show results from the model when
the branching parameter 6 = 1. Note that the power law begins to cut off near
S = 35, since the number of electrodes in the array is 60. B, Reproducible patterns
of activity generated by the model. Each large white square represents the pattern
of active electrodes on the array at a given 4ms time step. Active electrodes are
shown as small black squares. Patterns shown are all five time steps long. Note that
patterns within groups 1 through 3 are not exactly the same, even though all groups
were statistically significant. C, Reproducible patterns generated by acute cortical
slices. Note general similarity to patterns produced by the model. Data from acute
cortical slices are generally similar to data produced by organotypic cortical cultures
(compare to patterns shown in Fig. 2D), suggesting common principles of operation.
Because the model reproduces general features of the data, it may serve as a useful
tool for exploring links between connectivity and dynamics
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1987; Yeomans JM, 1992), forest fire sizes (Malamud BD et al., 1998), earth-
quake magnitudes (Gutenberg B and CF Richter, 1941) and sizes of simulated
sand pile avalanches (Paczuski M et al., 1996). Since the sizes of activity pat-
terns from cortical cultures also fit a power law, we called them “neuronal
avalanches.” Power law distributions also suggest, but do not prove, that a
system is operating near a critical point (Bak P, 1996; Jensen HJ, 1998). The
power law is a consequence of the branching parameter being close to unity.
When ¢ = 1, activity propagates in a nearly sustained manner but eventu-
ally dies out because transmission is stochastic. Another aspect of the data
that can be reproduced by this simple model is the reproducible activity pat-
terns themselves. As shown in Fig. 7B, the patterns produced by the model
are qualitatively similar to those produced by cortical slices (see Fig. 2D for
similar patterns produced by cultures). These patterns are caused by inequal-
ities in the connection strengths of the model. Although each transmission is
probabilistic, there will be some preferred patterns of activity in the network
because some connections are stronger than others. Because this parsimonious
model qualitatively reproduces two main features from living network data, it
seems plausible that we could use the model to predict how connectivity will
influence dynamics in real neural networks.

How is dynamics in the model affected by changes in the branching pa-
rameter 67 To explore this, we can tune all units in the network to have a
given 6. We then let the network evolve over time from many pairs of closely
spaced starting configurations. By measuring the distances between trajecto-
ries from thousands of pairs of configurations, we can estimate the Lyapunov
exponent A for the network. For 6 < 1, transmission probabilities are weak
and avalanches tend to die out because the average number of descendants
from a given ancestor is less than one. This causes trajectories to become
more similar over time, since fewer and fewer units are active and distances
decrease. In this case, the dynamics is predominantly attractive and A < 0.
For ¢ = 1, connections between units are stronger and activity is nearly sus-
tained since the average number of descendants from a given ancestor is one.
Here, distances between nearby trajectories are preserved and A &~ 0, indicat-
ing neutral dynamics. For ¢ > 1, the number of active units in the network
increases with every time step, causing slight distances in state space to be
amplified. As a result, trajectories tend to diverge in state space. The Lya-
punov exponent is A > 0, indicating chaotic dynamics with its typical sensitive
dependence on initial conditions. These results clearly suggest that the sum
of connection strengths, or weights, can determine the dynamical regime of a
network (Fig. 8A).

But what happens if we begin to change the distribution of weights
coming from each unit? In simulated neural networks, this question was pur-
sued by Bertshinger and Natschlager (Bertschinger N and T Natschlager,
2004), who found that dynamics could be tuned by changing the variance
of a Gaussian weight distribution. They showed that small variances led to
attractive dynamics while large variances led to chaotic dynamics. Inspired
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Fig. 8. How connectivity influences network dynamics. A, The Lyapunov exponent
A is plotted for each of T time steps for different values of the branching parameter
6. The branching parameter governs the sum of transmission probabilities from each
unit of the network. When ¢ is close to the critical value of 1, dynamics is neutral,
and A hovers around 0. As ¢ is increased, dynamics becomes chaotic (A > 0); as ¢
is decreased, dynamics becomes attractive (A < 0). B, The distribution of transmis-
sion probabilities emanating from each unit also influences dynamics. Three different
types of units are shown, representing the three different types of exponential distri-
butions that were examined. Thick arrows represent high transmission probabilities.
The top unit shows transmission probabilities when the exponent B is low and the
distribution is homogeneous. In this case, each unit acts to disperse trajectories,
causing chaotic dynamics. The middle unit corresponds to intermediate values of
B, where one to two transmission probabilities are strong. Here, each unit acts to
focus trajectories, but with some dispersion, causing neutral dynamics. The lower
unit illustrates the highly skewed distribution caused by large values of B. Here
one connection dominates and all the rest are essentially zero. Units with high B
distributions act to focus trajectories, leading to attractive dynamics. Figure 8 A
is modified from Haldeman and Beggs, 2005, copyright American Physical Society,
and is reproduced with permission

by their approach, we here use an exponential distribution whose sharpness
can be tuned through an exponent B, and we explore how B affects A. In
these simulations, we use a network with 64 units that has 8 connections
per unit. Qualitatively similar results obtain for networks with 64 connec-
tions per unit, suggesting that these findings are quite general. For small B
(0 < B < 1.0), distributions are nearly flat and each connection has roughly
the same probability of transmission. In this case, activity coming in to a unit
will be spread widely and randomly to other connected units. This tends to
disperse trajectories and leads to chaotic dynamics where A > 0. For interme-
diate values of B(1.2 < B < 1.8), one or two connections have transmission
probabilities that are much larger than all the rest. Here activity coming in to
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a unit will tend to be transmitted to only one or two other units. This leads
to propagation in which there is a balance of spreading and focus. While there
is some variability in the paths that trajectories take, there is one path that
is traveled most of the time. On average, dynamics tend to be neutral and
A =~ 0. For large values of B(1.8 < B), one of the transmission probabilities
is very near 1, while all of the others are near zero. So while a unit may
receive convergent activation from two other units in the previous time step,
it will almost always activate only one unit in the next time step. Under these
conditions, units serve to bring different trajectories together, thus reducing
distances over time and causing attractive dynamics with A < 0. Together,
these simulations show that the distribution of connection strengths can also
set the dynamics of a network (Fig. 8B).

How do changes in the number of connections affect dynamics? Although
not directly in the field of neural networks, Stuart Kauffman has pursued this
question in network models of gene regulatory networks. Since his studies are
very likely to be relevant to our topic, we briefly mention them here. Kauff-
man and colleagues (Kauffman S, 1969; Kauffman S et al., 2003; Kauffman
SA and S Johnsen, 1991) examine networks where each binary unit can be
either on (1) or off (0), and where each unit performs some Boolean func-
tion (e.g., AND, OR) on its inputs. Units are connected randomly, and the
number of connections into each unit is determined by an order parameter
K. Kauffman shows in these random Boolean networks that when K > 3,
trajectories are very sensitive to small perturbations and dynamics is chaotic.
When K = 2, however, trajectories are stable with respect to perturbations
and the networks appear to operate at a critical point (Bornholdt S and T
Rohlf, 2000). For K < 2, nearly all trajectories quickly fall into attractors.
Kauffman and others (Gutowitz H and C Langton, 1995) have suggested that
K governs a phase transition in these networks as it controls their dynamics.
In some ways, high K networks may be similar to the neural network model
described above when the distribution exponent B is small and all transmis-
sion probabilities are nearly equal. For intermediate values of B, one or two
transmission probabilities are strong, and this may correspond to the critical
case where K = 2 in Kauffman’s networks. These possible connections are
intriguing and deserve further exploration.

6 Discussion and Prospects

But why should dynamics matter? The dynamical regime of a network can
strongly influence the types of computations it is able to perform (Vogels
TP et al., 2005). Many models and experiments suggest that local networks
support attractive dynamics (Amit Y and M Mascaro, 2001; Brunel N, 2000;
Hopfield JJ, 1982; Jin DZ, 2002; Seung HS, 1998; Wills TJ et al., 2005). As
mentioned earlier, strongly attractive dynamics is naturally good for setting
up attractor states in which long-term memories can be stably stored. Such
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dynamics is also desirable for pattern completion, since a fragment of a stored
pattern can be used as a cue to get the network into a state where it is near a
basin of attraction and likely to evolve into the stored memory configuration.
Moreover, attractive dynamics supports computations that favor categoriza-
tion since they cause different stimuli to be grouped into the same response.
For example, if a Wolfhound, a Chihuahua and a Beagle were all represented
by positions in state space, attractive dynamics could cause trajectories from
these points to all flow together, making it easy to set up the category of
“dog.” But the stability conferred by attractive dynamics also makes it dif-
ficult to steer trajectories away from strong attractors. Networks dominated
by attractive dynamics would seem to lack flexibility.

In contrast, chaotic dynamics supports computations that favor discrimi-
nation since subtle differences in stimuli can produce widely different responses.
Here too, there are a number of models and experiments that suggest
that chaotic dynamics are prevalent in the brain (Aitken PG et al., 1995;
Babloyantz A and A Destexhe, 1986; Breakspear M et al., 2003; Freeman WJ,
1994; Schiff SJ et al., 1994; van Vreeswijk C and H Sompolinsky, 1996). This
dynamics could be useful in sensory systems where there is a great need to no-
tice details of the incoming information stream. For example, whether a rabbit
stays and eats or rapidly flees may be determined by only a few blades of grass
in the visual field that seem to be moving in an unusual way. There have also
been proposals that chaotic processing units could be used to perform logical
or arithmetic computations since such units are naturally nonlinear (Sinha S
and WL Ditto, 1999). However, networks with trajectories that rapidly diverge
are unstable unless they are controlled.

With neutral dynamics, differences in inputs produce commensurate differ-
ences in responses. Not surprisingly, there are models and experiments that
suggest this type of dynamics is used too (Beggs JM and D Plenz, 2003;
Bertschinger N and T Natschlager, 2004; Haldeman C and JM Beggs, 2005;
Latham PE and S Nirenberg, 2004; Maass W et al., 2002). This dynam-
ics supports computations that favor efficient information transmission since
a one-to-one mapping between stimuli and responses is maintained. They
may also be optimal for information storage (Beggs JM and D Plenz, 2004;
Haldeman C and JM Beggs, 2005). Several researchers have pointed out that
neutral dynamics, “at the edge of chaos,” may also be best for performing
the widest variety of computations because it combines some of the variety
of chaos with some of the stability of attractive systems (Bertschinger N and
T Natschlager, 2004; Beggs 2007). It is argued that useful computations
require both nonlinear transformations and stable representations of informa-
tion. Perhaps neocortex, which is essential for higher-level computations, has
largely neutral dynamics (Maass W et al., 2002; Natschlager T and W Maass,
2005).

To advance research in this area it will be necessary to form a tighter link
between models and experiments. Many of the ideas about how connectivity
influences dynamics described above have not yet been tested in living neural
networks. Since nature often defies our expectations, it is essential that we
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develop better ways of interrogating networks of neurons. With advances in
technology in the next ten years (Frechette ES et al., 2005), it may be possible
to stimulate and record from thousands of neurons for periods of weeks at a
time. The huge data sets that are likely to be produced will hopefully allow
us to map the state space of living neural networks more closely.

It will also be important to investigate how different network topolo-
gies (e.g., random, small-world, scale-free) explicitly influence dynamics.
The simulations described above treated all nodes in the network equiva-
lently, but this is certainly a simplification. What happens when some nodes
have different branching parameters and transmission probabilities than oth-
ers? What if some nodes have more connections than others? These issues
are only now beginning to be explored (Fox JJ and CC Hill, 2001), as the
network topology of the brain at the local network level (Netoff TI et al.,
2004; Song S et al., 2005) and at the large scale level (Achard S et al., 2006;
Eguiluz VM et al., 2005; Sporns O et al., 2005; Sporns O and JD Zwi, 2004;
Stam CJ et al., 20006) is still not well known. The connectivity patterns, and
therefore the dynamics, at these different levels may not necessarily be the
same (Breakspear M and CJ Stam, 2005; Jirsa VK, 2004).

Another area that deserves much attention is the relationship between
dynamics and connectivity: How does brain activity, both acutely and chron-
ically, alter the connectivity of neural networks? While activity-dependent
synaptic plasticity has been extensively studied, most of this work has cen-
tered on how stimulation at one or a few synapses influences synaptic efficacy.
There is a need to expand the focus to explore how activity at the local net-
work level may influence synaptic plasticity. In vivo, transmission at a single
synapse is embedded in the context of rich background activity that is very in-
fluential (Leger JF et al., 2005). From this perspective, functional connectivity
is very dynamic and may be different from the underlying structural connec-
tivity (Sporns O et al., 2000). Since it has been shown that large-scale network
connectivity can change from wakefulness to sleep (Massimini M et al., 2005),
it seems likely that it would also change during transitions to other brain
states as well, like seizures. Similar changes at the local network level should
also be investigated. While it may be difficult to disentangle the contributions
of connectivity and dynamics in these situations, their complexity suggests
that these situations will be interesting and fruitful areas for further research.

In the previous sections we have shown how early models of memory stor-
age in local recurrent networks led many to search for attractors in neurophys-
iological data. While numerous examples of reproducible activity patterns in
living neural networks have been found, very few experimental studies have
addressed the dynamics of these networks quantitatively. By measuring the
Lyapunov exponent in simple network models, it has become clear that net-
work connectivity can profoundly influence dynamics. Experimental work in
the future will hopefully begin to quantitatively address the dynamics of local
cortical networks, perhaps even revealing how trajectories in cortical columns
perform computations that form the building blocks of cognition.
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