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mechanisms contribute to attaining and maintaining operation at the critical point. We find
that short-term plasticity, represented in the model by synaptic depression and synaptic
recovery, is sufficient to allow the system to attain the critical state, if the level of plasticity
is properly chosen. However, it is not sufficient to maintain the criticality if the system

;\(lg/:g;zinetwork is perturbed. But the long time scale change in the short-term plasticity, a change in the
Self-organized criticality way synaptic efficacy is modified, allows the system to recover from perturbation. Working
Neuronal avalanche together, these two time scales of plasticity could help the system to attain and maintain
Data collapse criticality, leading to a self-organized critical state.

Cellular automaton © 2012 Elsevier B.V. All rights reserved.

1. Introduction

A major task at the interface of neuroscience and physics is to determine the general principles by which groups
of neurons collectively process information. Recently, experimental evidence has accumulated that networks of cortical
neurons can operate at a critical point, poised between a subcritical phase where activity is damped and a supercritical
phase where activity is amplified [ 1-3]. At the critical point between these phases, activity forms avalanches of all sizes and
is distributed as a power law [1]. Several studies, both computational [ 1,4-8] and experimental [9,10], have also shown that
a broad range of information processing functions would be optimized at the critical point [11-13]. The idea that networks
of cortical neurons self-organize toward the critical point to optimize information processing has been called “the criticality
hypothesis” [11]. As this hypothesis has gained experimental support, several models have been proposed to explain how
synaptic plasticity could cause neuronal networks to self-organize toward the critical point [14-21].

The idea of self-organization is widely accepted in neuroscience, and has been shown, for example, to be responsible
for the development of appropriate synaptic connections in sensory [22] and motor systems [23] over the course of weeks.
Changes in synaptic strength are also thought to underlie recovery from neurological damage such as that caused by a
stroke [24,25]. Some studies have even shown that developing neural networks begin to produce power-law distributions
of avalanche sizes only after several weeks of synaptic formation and pruning [26,27].

In contrast, the idea of self-organized criticality (SOC) has had a mixed reception in physics [28-30]. The prototypical
model of SOC is the “sand pile model” [31]. Here, simulated grains of sand are slowly dropped onto a surface and begin to
form a pile. When this pile becomes too steep, avalanches of sand are triggered, making the pile less steep. When the pile
has a shallow slope, it accumulates more sand to become steeper. This interplay of avalanches and accumulation, so it is
argued by proponents of SOC, can lead the system to self-organize toward a critical point where avalanches of all sizes will
occur [32]. Here, the shape of the sand pile contains some memory of previous activity and is thought to play a crucial role
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in guiding the system toward the critical point. Indeed, simulation work demonstrated that this and similar models would
produce power-law distributions of avalanche sizes [33]. Proponents of SOC agree that under some parameter choices the
system will not be critical, but maintain that for a limited range of parameter values the system will display self-organization
toward criticality. Critics of this work have argued that, while these models for some parameter choices appear to be critical,
they are probably not self-organizing [33]. In this view, the memory of activity does not play a role in driving the system
toward the critical point. Instead, the choice of initial parameters determines whether or not the system will operate at the
critical point.

Given this background, this raises the question of how the brain, a biologic system, would get to the critical point.
Biological systems are notoriously noisy and subject to constant perturbations. Synapses often change strength, through
both short-term and long-term synaptic plasticity. This changing system would seem unlikely to reach the narrow region
of the critical point on its own.

Despite the challenges, there has been some progress in our understanding of how SOC is reached in neuronal systems.
In 2007, Levina et al. [17] proposed a model with short-term plasticity using negative feedback mechanisms which could
help regulate the system to attain a critical point. A large avalanche reduces the neuronal activities in the system through
synaptic depression, decreasing the odds of another large avalanche and increasing the chance of smaller avalanches. On the
other hand, a small avalanche would leave many synapses in the system unused. Over time, these unused synapses recover
their strengths through another mechanism — synaptic recovery — setting the stage for another large avalanche. This is one
version of SOC, arrived at through the interplay of synaptic depression and synaptic recovery.

What then would be the role of long-term plasticity? Tetzlaff et al. [27] showed that, during development, dissociated
cultures gradually approach the critical point. First they are subcritical, then supercritical, then finally critical. This suggests
that long-term changes in synaptic strength are occurring, but not interfering with the path to criticality. They model this
through activity-dependent axonal growth that would cause homeostatic regulation. Another theoretic work, proposed by
de Arcangelis et al. [16], reached a similar conclusion that SOC is possible only after synaptic pruning.

Thus, both long-term and short-term plasticity could drive the network to the critical point. But we know that both
are present in real neuronal networks. How could synaptic plasticity at both of these time scales work together? Would
it be possible to combine both in one model and partition their effects? To investigate this, we build upon the model
of Levina et al. [17], where time scale separation is assumed. On the short time scale, synaptic depression and synaptic
recovery are used as short-term plasticity. Here, on the long term scale, we introduce a plasticity of the short-term plasticity
(“metaplasticity”) [34], and allow the synaptic parameter to be modified over the long time scale. This idea was inspired by
the self-organizing branching model of Zapperi et al. [35]. We investigate how these two mechanisms contribute to attaining
and maintaining operation at the critical point. We find that short-term plasticity, if properly chosen, is sufficient to allow
the system to attain the critical state. However, it is not sufficient to maintain the criticality if the system is perturbed. The
long time scale change in short-term plasticity allows the system to recover from perturbation. Working together, these two
time scales of plasticity could help the system to attain and maintain criticality.

The paper is organized as follows. In Section 2, we introduce the model and the methods of how we record data from the
simulations. In Section 3, we present the results and our analysis. In Section 4, we conclude the paper with discussions.

2. Methods
2.1. Model

Consider a two-dimensional square lattice of N neurons with open boundary conditions in both the x and y directions.
Each neuron is represented by a membrane potential h; in the range [0, 1]. A neuron interacts with its four nearest neighbors
through a synaptic strength w;; between neurons i and j (w; # wj;, meaning that the synaptic strength is asymmetric). Once
its membrane potential is above the threshold of 1, a neuron fires and sends a spike to its neighbors, causing a change in
their membrane potentials. Our model is a continuous cellular automaton model. The system is driven by external inputs at
a sufficiently slow pace, meaning that driving only happens when there is no neuronal avalanche. In other words, there is a
separation of time scales. The following update rules list how the simulation is carried out on the short time scale (steps 1-6)
and on the long time scale (step 7).

e Step (1) Driving. The system is driven by random external inputs & whose range is between 0 and 0.1. Slow-driving is
implemented if and only if all membrane potentials are below the threshold of 1. Driving occurs at only one neuron
chosen randomly among the N neurons.

hi = h; + &. (1)
e Step (2) Firing. If a neuron’s membrane potential h; is above the threshold of 1, then the neuron spikes, and it is reset to
hi =h; — 1. (2)

o Step (3) Integration. The four nearest neighbors of the firing neuron, represented by h;, integrate the membrane potential
released by the firing neuron proportional to the synaptic strength between them, wj;:

hj = hj + ]/NN*U}U, (3)

where NN is the number of neighbors of the firing neuron.
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o Step (4) Synaptic depression. Immediately after the synaptic strength is used, it is decreased by a certain percentage u
(following Levina et al. [17]):

Wijj = Wij — u*w,-j. (4)

e Step (5) Synaptic recovery. All synaptic strengths in the system recover by a constant percentage c (recovery rate) of the
difference between the current synaptic strength w; and a target synaptic strength T:
Wij = Wjj + C*(T — w,‘j). (5)
The implication of this rule is that the greater the difference between T and wyj;, the faster the synaptic weight recovers.
e Step (6) Avalanche process. Repeat steps 2-5 until no neuron’s membrane potential is above 1 (when an avalanche is over).
An avalanche is defined as a period of activity that is initiated by an external input and is terminated when no further
neuron becomes activated. When the avalanche is over, it is said that one time step on the long time scale is completed.
o Step (7) Metaplasticity. On the long time scale, borrowing an idea from the self-organized branching process (SOBP) model
introduced by Zapperi et al. [35], we monitor the number of neurons in the layer on the boundary that have fired in the
previous avalanche process. Assuming that that number is X, the parameter u in Eq. (4) is adjusted according to the
following equation:

u(t +1) = u(t) — (1 —X)/N, (6)

where t is the time step on the long time scale, and N is the number of neurons in the network. The updated u will be
kept constant throughout all the time steps on the short time scale (steps 1-6) until the next time step on the long time
scale.

The simulations repeat steps 1-7 until a desired number of iterations is achieved. Since this study is trying to analyze the
role of short-term plasticity and the role of long-term metaplasticity, not all simulations are done with step 7. In fact, for
a large portion of our results, we are going to show that short-term plasticity, if properly chosen, is sufficient to allow the
system to attain the critical point. Thus step 7 will be skipped in these simulations. We will show that step 7 is necessary
for the system to maintain the criticality.

All simulations start with random membrane potentials (h;) uniformly distributed in [0, 1] and random synaptic
strengths (wj) uniformly distributed in [0, 0.25]. We run the simulation according to the above rules for a long time
period before we record avalanches to make measurements. Depending on the system size we use, the time period before
measurement (pre-measurement time) ranges from two million time steps to 48 million time steps (on the long time scale).
The measurement time usually lasts for one to four million time steps. We run the simulation for a long time to overcome
the effects of initial conditions. In particular, many time steps are required to overcome critical slowing down of the system
which occurs near the critical point. To decide if a pre-measurement time is long enough to overcome the initial condition
and lead the system to a steady state, we simply double the pre-measurement time steps to see if we can obtain the same
avalanche size distribution as we obtained before doubling the time steps. We find that running a few hundreds of thousands
of time steps is sufficient for this purpose for all system sizes studied here.

Our model parameters can be related to the model parameters in the Levina-Herrmann-Geisel (LHG) model [17]. The
parameter ¢ from Eq. (5) equals 1/(zvN) of the LHG model with 7 = 1and 1 < v <« N; our model parameter T from Eq. (5)
equals o /u of the LHG model:

c = 1/(zvN) (7)
T =a/u. (8)

From now on, we will use the symbols of the LHG model (v, u, &) when referring to our model parameters. Throughout the
paper, we will mostly change the model parameter u (control parameter) while keeping the others constant.

2.2. Avalanches and avalanche size distribution

An avalanche process starts when a neuron is driven to fire (step 2 in the model) and ends when no neuron has a
membrane potential above the threshold. The avalanche size is the number of firings during the avalanche process, and
the avalanche duration is the number of time steps (on the short time scale) passed in the process. To record avalanche
sizes, we count the number of neurons which fired in the avalanche process (a neuron can be counted more than once if it
fires more than once during the avalanche process). At the same time, to record the avalanche duration, the number of time
steps (on the short time scale) is recorded. The avalanche size distribution, described by the probability density function P(s),
is obtained by calculating the ratio of the number of occurrences of avalanches with size s to the total number of avalanches
recorded during the measurement time.

2.3. Power-law exponents
We use both the least squared (LS) error and the Kolmogorov-Smirnov (KS) estimate to determine the exponent of

a power-law distribution [36]. The critical value of u is obtained by minimizing the KS error using the software package
provided in Ref. [36].
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Fig. 1. (a) Anavalanche, starting with the “star” at time step t = 1, propagates to the “diamond” at time step t = 2, and then to the “triangle”, the “square”,
and the “circle” att = 3, t = 4,and t = 5 (on the short time scale). The avalanche size is 11, since there are 11 neuronal firings, and the avalanche duration
is 5 in this example. (b) Avalanche shape, defined as the curve of the number of firings plotted against the time step on the short time scale.

2.4. Avalanche shapes

Fig. 1 illustrates how an avalanche shape is defined. In Fig. 1(a), an avalanche, starting at the “star” at time step (on the
short time scale) t = 1, propagates to the “diamond” at t = 2, and then to the “triangle”, the “square”, and the “circle”
att = 3,t = 4,and t = 5, respectively. In this example, the avalanche size is 11 and the avalanche duration is 5. The
avalanche shape is defined as the temporal shape of the number of firings (y-axis) plotted against the time step (x-axis), as
shown in Fig. 1(b). To minimize the noise and to get a smooth shape curve for a given duration, we averaged the shapes of
all the avalanches with the same duration collected during the measurement time period.

2.5. Perturbing the critical state

We first let the model run for 4,000,000 time steps (on the long time scale) under parameters known to lead to criticality
(for system size N = 4096), allowing the pattern of synaptic connection strengths to become well established. Next, we
perturb the critical state by switching parameter u to a value that is known to produce a non-critical distribution. We then
run the model for another 4,000,000 time steps in order to allow the system to settle into a new state. We want to see if the
new state is critical or not. To check the new state, we record the avalanches for an additional 2,000,000 time steps to see if
the avalanche size distribution is different from that of the critical state. If a system is truly a self-organized critical system,
it would return to criticality after perturbation and the avalanche size distribution would show a power-law distribution
identical to that of the critical state. Otherwise, it would indicate that the criticality is unsustainable to perturbation.

3. Results

We will first show that the short-term plasticity alone is sufficient to attain a critical state, as long as the model parameters
are properly chosen. But the criticality is not maintained if the system is perturbed. Therefore, the results in Section 3.1
through 3.6 are obtained by skipping step 7 described in Section 2.

3.1. Avalanche size distribution

Fig. 2 shows the size distributions for three sets of model parameters on a system size of N = 4096, corresponding to
three different states the system can attain: critical, subcritical, and supercritical. All three curves show power-law decays
for small values of avalanche size. For u = 0.34, there is a fast drop off from the power-law line at larger avalanche sizes,
showing that the system is at a subcritical state. For u = 0.14, there is a “bump” for larger avalanche size values, indicating
that the system is at a supercritical state. In the intermediate state, u = 0.24, the size distribution has the longest range
of avalanche size for the power-law form, corresponding to a critical state. The power-law exponent of the critical size
distribution, P(s) ~ s~ %, was estimated to be —1.55 % 0.02, which is slightly larger than the exponent of —1.5 found in the
experiment using rat cortical slices in vitro [1].

3.2. Finite-size scaling

A power-law size distribution does not always indicate that a system is critical. A critical system is also scalable with
different system sizes. To test this, in Fig. 3(a) we show the size distributions for four different system sizes when the system
is at the critical state. In Fig. 3(b) we show the finite-size scaling by data collapsing them onto one curve.
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Fig. 2. Avalanche size distributions for N = 4096, v = 75, « = 5.6, and different values of u, showing that the system is in a supercritical (u = 0.14),
critical (u = 0.24), and subcritical (u = 0.34) state, illustrated as the black, the dark gray and the light gray curves from right to left, respectively. The
straight line has a slope of —1.55, which is the size distribution exponent.
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Fig. 3. (a) Avalanche size distributions for different system sizes when the system is at a critical state. (b) Finite-size scaling of the distributions in (a). The
line has a slope of —1.55 in both (a) and (b).

3.3. Scaling of non-critical size distributions

In critical phenomena, even non-critical size distributions could be scaled together. For example, in the theory of
percolation [37], a non-critical size distribution could be scaled using a reduced parameter s/sg, where sq is the typical
cluster size (related to the correlation length), for both subcritical and supercritical states. However, in percolation, in order
to scale the size distribution in the supercritical state, one needs to exclude the infinite component. Here we have a situation
similar to percolation, but removing the infinite component is difficult in this case. We have attempted to remove avalanches
that spanned from one border to the opposite, as done in percolation models, but this method resulted in a distribution
where the data still peaks at the end, different from a distribution resembling a subcritical distribution one would get in
percolation after the infinite component is removed. This difference may be caused by the fact that the supercritical state in
the percolation model has a different distribution than the distribution of the supercritical state in the current model; the
former has a dip and a sharp peak at the end while the latter has a broader tail with no dip, which makes deciding where
to remove “the infinite component” difficult. Nevertheless, we were able to scale the size distributions in the subcritical
state. In Fig. 4(a), we show three subcritical size distributions along with the critical one. In Fig. 4(b), the three subcritical
distributions are data collapsed onto one curve using the reduced parameter s/so, with so = (u — u;) =% in the horizontal
axis, and P(s)sf, = P(s)*(u — uc)~*77 in the vertical axis.

3.4. Avalanche shape scaling

To further verify the critical state, we analyze the scaling properties of avalanche shapes. It is argued that the temporal
avalanche shapes are scalable if the system is at a critical state [3,38]. From the theory of critical phenomena, scaling works
well near the critical point. In Fig. 5, we show that the shapes can be collapsed onto one curve using an exponent { = 0.85
for shapes with durations from 5 to 20 when the system is at the critical state. However, we were unable to extend the shape
scaling study to the non-critical states, since the range of duration that can be scalable is very limited there.

The shape collapse in the simulation shows that an avalanche shape can be expressed generally as

s(t, D) = D*F(t/D), (9)
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Fig. 5. Scaling of avalanche shapes when the system is at a critical state (N = 4096, v = 75, u = 0.24and o = 5.6).
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N = 1024, v = 75, and « = 5.6 on randomly connected networks with fixed number of outgoing neighbors (NN = 4, 8, 32, and 1023).

where t is the time (on the short time scale) elapsed since the avalanche start (see Fig. 1(b)), D is the duration of the avalanche,
and F is a function that determines the avalanche shape profile. Since the function F has infinitely more degrees of freedom
than one given number, a scaling function has more information than a power-law exponent.

3.5. Impact of system size and network structure

We have tested that changing both the system size and the network structure has no effect on the existence of three
states. The only impact of the system size and the network structure is that they shift the critical value uc. In Fig. 6(a), we
show that u, is becoming smaller as the system size increases. In Fig. 6(b), we show that, as the number of neighbors (NN)
decreases, the critical value of u is decreasing. Here, we have extended our model to random networks in order to study the
effect of NN. We used random networks where each neuron has the same fixed number of outgoing links to other randomly
picked neurons. When NN = N — 1, the random network becomes a fully connected network.
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Fig. 8. (a)Avalanche size distributions for systems starting with different initial values of u, u(0) = 0.12 (black) and u(0) = 0.36 (light gray). The systems
are undergoing the long-term metaplasticity process of Eq. (6). For comparison, the dark gray curve is the size distribution at the critical state when u was
kept constant at u = 0.24. (Source: Taken from Fig. 2). The other model parameters are N = 4096, v = 75, and « = 5.6 for all curves. (b) u(t) versus time
step for the two systems in (a) starting with different initial values of u, u(0) = 0.12 (black) and u(0) = 0.36 (light gray). The value of u(t) converges to
u = 0.23, represented by the horizontal line.

3.6. Perturbing the critical state

To see if the criticality created by the short-term plasticity is still maintained if it is perturbed, we first run the system
to a critical state with parameters known to lead to the critical state (N = 4096, v = 75, u = 0.24, and « = 5.6). Then,
the parameter u is switched to a value that is known to produce a non-critical results (u = 0.34 or u = 0.14). In Fig. 7, we
compare the size distributions obtained in this manner (see Section 2.5 — Perturbing the critical state) to the size distributions
obtained from running the system with constant non-critical values of u for all time steps (u = 0.34 and u = 0.14). It is
clear from Fig. 7 that the results from perturbing the critical state are almost identical to the non-perturbed results. There
is no indication that the system could pull itself back into criticality after perturbation.

3.7. Long-term metaplasticity

Now, if we let the system undergo the long-term metaplasticity process of Eq. (6), we can obtain the power-law
distribution no matter what the initial value of u is. Fig. 8(a) shows the avalanche size distributions for systems starting
with different initial values of u, u(0) = 0.12 and u(0) = 0.36. The dark gray curve is the size distribution at the critical
state taken from Fig. 2 when u was kept constant at u = 0.24. It is clear that the power-law distribution is maintained by
the long-term metaplasticity process. Fig. 8(b) shows that the value of u converges to a value of 0.23 (which is very close to
our earlier estimate of u, for this system) after a few tens of thousands of time steps on the long time scale, regardless of
where the parameter u started.

It is no surprise that this mechanism works, since it is one of the criteria offered by Sornette [39] for a system to evolve
into a self-organized critical state. But we want to point out that, in biological systems, long-term cooperation does happen,
and this mechanism may very well represent the metaplasticity on the long time scale, albeit in a simple way.
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4. Discussion and conclusion
4.1. Summary of main findings

In this paper, we have studied the roles of short-term plasticity and long-term metaplasticity in attaining and maintaining
the critical state. We find that short-term plasticity could lead to a critical state if the model parameters are set at the critical
values. However, perturbation, which is common in biological systems, can easily shift the system to a non-critical state.
The long-term metaplasticity, introduced here as a plasticity of the short-term plasticity, allows the synaptic parameter to
be modified over the long time scale and allows the system to recover from perturbation. Working together, these two time
scales of plasticity could help the system to attain and maintain criticality, leading to a self-organized critical state.

4.2. Validity and limitations

Our results should in no way be taken as evidence that self-organized criticality does not exist with short-term plasticity
alone. We merely examined our own cellular automaton model. Although this model was inspired by the LHG model [17], it
is not exactly the numerical discretization of their model which is in partial differential equation form. It is possible that our
numerical evidence on the perturbation, no matter how long we have run, may not be long enough for the system to return
to the critical state. This is especially true if the route to criticality is a slow process. The issue of which form of criticality,
self-organized or not, is obeyed by the brain is very intriguing, as recently pointed out in Ref. [40], and we believe the topic
deserves more work.

4.3. Comparison to other work

Our model is an integrate-and-fire model with plasticity. Models with integrate-and-fire oscillators (IFOs) are probably
the simplest models for neuronal network modeling. In Ref. [41], Hopfield and Herz studied several different types of IFO in
a locally coupled network and found that, when the resistance of the oscillator goes to infinity (as assumed in our model),
the model (Model C in Ref. [41]) falls into the sand pile SOC model. In other types of models, Hopfield and Herz [41] found
that the system ends with synchronized firings across all neurons. In a slightly different setting, Corral et al. [42] found that,
depending on the parameters used, the system can be in a critical state, or a macroscopically synchronized state. The above-
mentioned models differ from ours in the sense that there was no plasticity present in these models, either short-term or
long-term, as all the synaptic strengths are constant.

The continuous cellular automaton nature of our model is similar to that of an earthquake model proposed by Olami,
Feder, and Christensen (OFC) [43]. In 1996, Lise and Jensen [44] claimed that the random-neighbor OFC model is an SOC
model for a range of model parameters. Later, Broker and Grassberger [45], and Chabanol and Hakin [46] showed that the
random-neighbor OFC model s critical only when the model parameter is at a critical value such that the system is conserved.
The update rules in the OFC model are different from ours because the energy redistribution after a spike is handled by a
constant dissipation parameter, while in our model the redistribution of membrane potential is changing due to the short-
term plasticity and the long-term metaplasticity.

4.4. Biological plausibility

The short-term plasticity that is captured by the parameter u seems plausible, as short-term plasticity has been observed
in experiments on cortical synapses. So the short-term changes that lead to the critical state, as proposed by LHG [17],
seem reasonable. On the longer time scale, recovery from perturbation depends on metaplasticity. Metaplasticity has been
observed in studies of long-term synaptic potentiation and depression [47,48]. To implement metaplasticity of the synaptic
recovery variable u on the long time scale, the model used a count of the number of active neurons on the boundary of
the system. While this might seem biologically implausible in detail, the general idea of negative feedback operating over
long time scales has abundant biological support. For example, Turrigiano and colleagues [49] have shown that networks of
neurons homeostatically regulate the firing rate and synaptic strength in response to external perturbations so as to bring
network firing rates into a target zone. Mechanisms like this could also conceivably operate on short-term plasticity or other
variables so as to bring the network to the critical state after perturbation [20,21].

4.5. Implications for future models

Asrecent experiments seem to suggest that neural tissue can operate at the critical point [ 1-3], it is natural to ask whether
the brain is an example of SOC or not [50]. There is evidence that cultured neuronal networks do not initially produce power-
law distributions of avalanche sizes, but that over weeks they develop to a state where such power-law distributions are
common [26,27]. Over this period of weeks, typically large numbers of synaptic connections are established, change strength
and are pruned [51,52]. During neural development, many relevant parameters in the system are undergoing large changes
in value, yet the network eventually arrives at the critical state. Taken together, this information strongly suggests that
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neural tissue would belong to the class of SOC systems that display stability with respect to perturbations. If this conclusion is
correct, it would further suggest that models that do not demonstrate stability with respect to perturbations are incomplete
models of criticality in neural tissue.

Future work therefore should concentrate on models that can account for the large and persistent changes in synaptic
strength that are known to occur. The approach taken by de Arcangelis and colleagues [ 16] was along this line, since in their
model synaptic pruning was included and the network topologic structure was altered as a result. Hopefully, such models
will in turn suggest experiments that will constrain the types of mechanisms that could be responsible for driving the brain
to the critical point and maintaining it there. An understanding of these mechanisms would be especially useful, as evidence
is beginning to accumulate that several neuropathologies are associated with a failure to operate at the critical point [53-56].
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